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We investigate the interactions between exciton-polaritons in N two-dimensional semiconductor
layers embedded in a planar microcavity. In the limit of low-energy and low-momentum scattering,
where we can ignore the composite nature of the excitons, we obtain exact analytical expressions
for the spin-triplet and spin-singlet interaction strengths, which go beyond the Born approximation
employed in previous calculations. Crucially, we find that the strong light-matter coupling enhances
the strength of polariton-polariton interactions compared to that of the exciton-exciton interactions,
with the latter vanishing in the zero-momentum limit. We furthermore show that the polariton
interactions have a highly non-trivial dependence on the number of layers N , and we highlight the
important role played by the optically dark states that exist in multiple layers. In particular, we
predict that the singlet interaction strength is stronger than the triplet one for a wide range of
parameters in most of the currently used transition medal dichalcogenides. This has consequences
for the pursuit of polariton condensation and other interaction-driven phenomena in these materials.
Microcavity exciton-polaritons (polaritons) are quasi-
particles that arise from the strong coupling between
semiconductor excitons (bound electron-hole pairs) and
cavity photon resonances. Due to their excitonic compo-
nent, polaritons interact with each other, in contrast to
bare photons in vacuum. This interaction is the corner-
stone of a variety of observed phenomena ranging from
optical parametric scattering [1] and bistability [2], to
Bose-Einstein condensation [3, 4], superfluidity [5] and
the formation of quantized vortices [6]. Hence, semicon-
ductor microcavities are fruitful platforms to investigate
two-dimensional (2D) quantum fluids of light [7–10].
Atomically thin semiconductors in the form of transi-
tion metal dichalogenides (TMDs) have recently emerged
as promising materials for realizing polaritonic phenom-
ena at room temperature, due to the large exciton bind-
ing energies in TMD monolayers [11–14]. Furthermore,
TMDs can be made nearly disorder free, unlike organic
materials [15], and they can be externally tuned us-
ing electrostatic gating [14], which is an essential tool
for any future optoelectronic devices [16]. Already, a
strong exciton-photon (Rabi) coupling has been observed
in both TMD monolayer [17–20] and multilayer struc-
tures [21, 22]. In particular, the use of multilayer van
der Waals heterostructures can generate large Rabi cou-
plings [23] as well as provide routes towards engineering
other material properties [24]. However, it is an open
and non-trivial question how the polariton-polariton in-
teractions depend on experimental parameters such as
the light polarization [25] and the number of layers in
these systems. The answer to this question impacts the
highly active investigation of interaction-induced nonlin-
ear optical properties [26–30] and the ongoing quest [31]
to realize polariton condensation in pure TMD systems.
In this Letter, we address this question by studying
the effective interactions between polaritons in a system
of N identical 2D layers embedded in a planar micro-
cavity. A key simplification of our work is to assume
that the energy scale of polariton-polariton scattering is
smaller than the exciton binding energy, thus allowing us
to neglect the composite nature of the excitons and treat
them as structureless bosons with contact interactions
and mass mX . This is a reasonable assumption in the
case of TMD layers, where the exciton binding energy is
much larger than all other relevant energy scales [14, 23].
Solving the scattering problem of two lower polaritons at
zero momentum, we obtain the following exact expres-
sion for the polariton-polariton interaction strength:
Tσσ′ =
4pi~2X40
mXN ln
(
Eσσ′
2|EL0 |
) ≡ {α1, σ = σ′
α2, σ 6= σ′.
(1)
Here Eσσ′ > 0 are the energies associated with the spin-
triplet (σ = σ′) and spin-singlet (σ 6= σ′) exciton scat-
tering lengths, where σ = ± encodes the pseudo-spin
(circular polarization) of the exciton (photon). X20 and
EL0 are, respectively, the exciton fraction and the energy
(relative to the exciton energy) of the zero-momentum
lower polariton, which depend on the number of layers N
via the exciton-photon Rabi coupling. Crucially, Eq. (1)
differs from the usual case of 2D quantum particles with
short-range interactions, where the scattering vanishes
in the zero-momentum limit [32, 33]. Hence the strong
light-matter coupling enhances the polariton-polariton
interaction strength with respect to the corresponding
exciton-exciton interaction strength. Equation (1) is a
key result of this work, which we derive in the following.
Dark, bright and polariton states.— We start with
the single-polariton Hamiltonian that describes the cou-
pling between the cavity photon and N monolayer exci-
tonic modes:
Hˆ0 =
∑
k,σ
ECk cˆ
†
kσ cˆkσ +
∑
k,σ
N∑
n=1
EXk xˆ
†
kσ,n xˆkσ,n
+
~gR
2
∑
k,σ
N∑
n=1
(
xˆ†kσ,n cˆkσ + cˆ
†
kσxˆkσ,n
)
, (2)
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2where cˆkσ (cˆ
†
kσ) and xˆkσ,n (xˆ
†
kσ,n) are bosonic annihi-
lation (creation) operators of cavity photons and mono-
layer excitons, respectively, with in-plane momentum ~k
and layer index n. The kinetic energies at low momenta
are ECk = ~2k2/2mC + δ and EXk = ~2k2/2mX , where
k ≡ |k| and we measure energies with respect to the ex-
citon energy at zero momentum. Thus, δ is the photon-
exciton detuning, while mC and mX are the photon and
exciton masses, respectively. Here, for simplicity, we con-
sider identical monolayers that are located at the maxima
of the electric field within the cavity, so that both EXk
and the exciton-photon coupling gR are independent of n.
However, it is straightforward to generalize our results to
the case of a layer-dependent light-matter coupling. We
furthermore assume that gR is independent of polariza-
tion/spin and we neglect any splittings between the longi-
tudinal and transverse modes of the excitons [34–36] and
photons [37]. Hence, there is no spin-orbit coupling [38–
41] in our model, but such a single-particle effect should
not strongly affect the short-distance two-body scatter-
ing processes considered here.
The spin-degenerate eigenstates of Eq. (2) consist of
two polariton modes (upper and lower branches) and
N−1 dark states which are decoupled from light [42, 43].
The multilayer system is frequently described by a two-
coupled-mode exciton-photon model with a renormalized
Rabi coupling [9], but here, we keep track of the complete
structure of the eigenstates. Since only the bright states
[in-phase superpositions of all monolayer excitons, as de-
picted in Fig. 1(a)] couple to light, one can rewrite the
Hamiltonian in the corresponding convenient basis:
Hˆ0 =
∑
k,σ
[
ECk cˆ
†
kσ cˆkσ + E
X
k
(
bˆ†kσ bˆkσ +
N−1∑
l=1
dˆ†kσ,l dˆkσ,l
)]
+
~ΩR
2
∑
k,σ
(
bˆ†kσ cˆkσ + cˆ
†
kσ bˆkσ
)
, (3)
where bˆkσ and dˆkσ,l are the annihilation operators for
bright and dark excitonic states, respectively, which are
related to the bare monolayer exciton operators via the
unitary transformation:
dˆkσ,l =
N∑
n=1
uln xˆkσ,n, bˆkσ ≡ dˆkσ,N =
N∑
n=1
xˆkσ,n√
N
(4)
with uln =
1√
N
ei2pinl/N [44]. The multilayer nature of
the bright states gives rise to an enhanced Rabi cou-
pling ~ΩR = ~gR
√
N , thus making it easier to access the
strong-coupling regime in a multilayer structure. The di-
agonal form of the exciton-photon Hamiltonian is then:
Hˆ0 =
∑
k,σ
[
ELk Lˆ
†
kσLˆkσ + E
U
k Uˆ
†
kσUˆkσ +
N−1∑
l=1
EXk dˆ
†
kσ,ldˆkσ,l
]
,
(c)
ℏ�R∿N1/2
Figure 1. (a) Schematic illustration of the microcavity struc-
ture with N embedded monolayers, where N = 4. A polariton
consists of a cavity photon (shaded red) and a superposition
of N in-phase 2D excitons (blue ellipses), where the relative
phase of each exciton is represented by an in-plane arrow.
(b) Example of a scattering process involving intermediate
dark states which are uncoupled to light. (c) Polariton dis-
persion (red) at zero detuning, together with the uncoupled
cavity photon and excitonic modes (dashed black lines). For
high momenta k > X/~c (shaded region), where X is the
exciton energy and c is the speed of light, the exciton is far
detuned in energy from the photon and thus essentially un-
coupled. We use the parameters for MoSe2 (see Table I) with
X = 1.66eV [21] and N = 4 layers.
with Lˆ (Uˆ) the lower (upper) polariton annihilation op-
erators defined in the standard way(
Lˆkσ
Uˆkσ
)
=
(
Xk Ck
−Ck Xk
)(
bˆkσ
cˆkσ
)
. (5)
Here EU,Lk are the polariton eigen-energies [see Fig. 1(c)],
EU,Lk =
1
2
(
EXk + E
C
k ±
√(
ECk − EXk
)2
+ ~2Ω2R
)
, (6)
and Xk, Ck are the Hopfield coefficients, corresponding
to exciton and photon fractions:
X2k =
1
2
(
1 +
ECk − EXk
EUk − ELk
)
, C2k = 1−X2k. (7)
Exciton-exciton interactions.— Since the layer spac-
ing is typically larger than the exciton size, we may as-
sume that the interactions between excitons only occur
within the same layer. Furthermore, if the scattering en-
ergy is small compared to the exciton binding energy (as
is the case in TMDs [14]), then we can describe the ex-
3citon interactions with an s-wave contact potential [45],
Vˆ =
N∑
n=1
∑
k,k′,q
σ,σ′
gσσ′
2
xˆ†k+qσ,nxˆ
†
k′−qσ′,nxˆk′σ′,nxˆkσ,n, (8)
where the “bare” spin-dependent coupling strength gσσ′
is independent of layer index n since we have assumed
that the monolayers are identical. Also, we have set the
monolayer area to 1. We emphasize that our approach
is different from determining the exciton-exciton interac-
tion strength within the Born approximation, as in pre-
vious works [46–52]. This approximation effectively esti-
mates gσσ′ from the microscopic structure of the excitons,
whereas here we solve the low-energy scattering problem
exactly and treat gσσ′ as a bare parameter that must
be related to experimental observables [53]. As such, we
impose a cutoff Λ on the relative scattering momentum,
which we will send to infinity at the end of the calculation
(for details, see the Supplemental Material [54]).
Transforming to the bright-dark-exciton basis using
Eq. (4), the interaction term becomes:
Vˆ =
∑
{lj}
δM
∑
k,k′,q
σ,σ′
gσσ′
2N
dˆ†k+qσ,l1 dˆ
†
k′−qσ′,l2 dˆk′σ′,l3 dˆkσ,l4 ,
(9)
where {lj} = {l1, l2, l3, l4}. The kronecker delta (δM = 1
ifM = 0, δM = 0 otherwise) encodes the phase selection
rule for binary scatterings illustrated in Fig. 1(b), where
M = Mod[l1 + l2 − l3 − l4, N ]. It is worth noting that
the interaction coupling constant is reduced by the factor
of 1/N in the new bright-dark-states basis. Moreover,
written in this form, Eq. (9) can involve a huge number
of terms (N3 for each spin channel). This highlights the
complexity of the scattering processes which can occur in
any multilayer structure in the strong-coupling regime.
Two-polariton scattering.— To investigate polariton-
polariton interations, we consider the two-body scatter-
ing problem at zero center-of-mass momentum. The two-
particle states are |Aσ, Bσ′ ,k〉 = Aˆ†−kσBˆ†kσ′ |0〉, where
the operators Aˆ, Bˆ can correspond to lower polaritons
Lˆ, upper polaritons Uˆ or dark-exciton operators dˆl, with
l = 1, 2, . . . , N − 1. To proceed, we employ the T -matrix
operator, which is given by the Born series
Tˆ (E) = Vˆ + Vˆ
1
E − Hˆ0 + i0
Vˆ + ... (10)
where E is the scattering energy and +i0 represents an
infinitesimal positive imaginary part. The interaction
strength for lower polaritons is then given by the matrix
element
Tσσ′(k) ≡
〈Lσ, Lσ′ ,k′| Tˆ
(
2ELk
) |Lσ, Lσ′ ,k〉
1 + δσσ′
, (11)
with the on-shell condition |k′| = |k| = k. Here the nor-
malization factor in the denominator accounts for scat-
tering between identical particles. The Born approxima-
tion to the interaction strength corresponds to keeping
only the first term in the series, which gives gσσ′X
4
k/N .
However, higher order terms will significantly modify this
result since they can involve scattering into dark inter-
mediate states, as illustrated in Fig. 1(b).
Remarkably, we find that the low-energy polariton T
matrix takes the simple form [54]
Tσσ′(k) =
X4k
N
gσσ′
−Π (2ELk ) . (12)
Here, the one-loop polarization bubble Π(E) is extremely
well approximated by that of N exciton pairs:
Π(E) ' N
Λ∑
q
1
E − 2EXq + i0
, (13)
since the exciton scattering is dominated by large mo-
menta where the photon is far off resonant [see Fig. 1(c)].
This is a consequence of the photon mass being orders of
magnitude smaller than the exciton mass, mC  mX .
To obtain cutoff-independent results, we relate the
bare couplings to physical observables as follows [33]
1
gσσ′
= −
Λ∑
q
1
Eσσ′ + 2EXq
, (14)
where we have introduced the physical energy scales
Eσσ′ =
~2
2mra2σσ′
related to the 2D exciton s-wave scat-
tering lengths aσσ′ and the two-exciton reduced mass
mr = mX/2. Note that the scattering parameters are
intrinsic to the monolayer and are independent of N .
In the singlet case, E+− = E−+ = EXXB corresponds
to the binding energy of the biexciton (bound state of
two excitons). Due to Pauli exclusion, there is no triplet
biexciton state, but the triplet scattering length is well
defined and is of the order of the 2D exciton Bohr radius
aσσ ∼ aB [54]; hence we have Eσσ ∼ 2EXB .
Inserting Eq. (14) into Eq. (12) and taking the limit
Λ→∞, one obtains the cutoff-independent T matrix
Tσσ′(k) =
4pi~2X4k
mXN ln
(
Eσσ′
2|ELk |
) . (15)
The limit k → 0 finally yields Tσσ′ in Eq. (1), which gives
the lower polariton effective interaction “constants” for
the triplet (α1) and singlet (α2) channels at zero mo-
mentum (a similar procedure can be used to evaluate
the scattering between upper polaritons). In the absence
of light-matter coupling, we recover the usual 2D two-
body T matrix for quantum particles in a monolayer [32],
4pi~2
mX
[
ln
(
Eσσ′
2EXk
)
+ ipi
]−1
, which we see vanishes in the
4Figure 2. Polariton interactions in several 2D materials. (a,e) Monolayer triplet interactions α1 and the corresponding singlet-
triplet ratio α2/α1 as a function of the exciton-photon detuning δ. (b-d) Multilayer triplet interactions as a function of N for
different δ, and (f-g) the corresponding singlet-triplet ratio. Parameters are taken from Table I, with m0 the free electron mass.
limit of zero momentum. Within Bogoliubov theory [55],
this implies that the ground-state energy of a dilute gas
of 2D excitons will feature a logarithmic dependence on
density, in contrast to what has been observed for polari-
ton condensates [52].
Implications for experiment.— Equations (1) and
(15) show that the lower polariton interaction strength is
enhanced compared to the monolayer exciton interaction
strength because the strong light-matter coupling shifts
the scattering energy in the low-momentum limit. In par-
ticular, Eq. (1) explains why the polariton blueshift in
experiment scales linearly with condensate density [52],
unlike for the case of standard 2D bosons [55]. Note that
Eq. (1) is a low-energy expression that is valid in the
regime |EL0 |  EXB . Thus, we expect our predictions
for α1 and α2 to be accurate in the case of TMD lay-
ers due to their sizeable exciton binding energies, where
EXB & 10~gR (see Table I).
Figures 2(a-d) show the polariton triplet interaction
strength α1 for a range of photon-exciton detunings δ in
different 2D TMD systems. Similar to previous predic-
tions within the Born approximation, α1 is repulsive and
increases with increasing δ (corresponding to an increas-
ing exciton fraction X20 ). However, we see that a larger
number of layers N typically suppresses the polariton in-
teraction strength by a factor of ∼ N plus logarithmic
corrections. This suggests that the strongest polariton
interactions occur in monolayer TMDs, while the largest
Rabi coupling is achieved with multiple layers. For the
case of monolayer MoSe2, the value of α1 at detuning
δ ' −15meV is consistent with the recent low-density
measurements reported in Refs. [28, 29], thus confirming
the validity of our model.
In contrast to the triplet case, the polariton singlet in-
teraction strength α2 can display a scattering resonance
Table I. Experimental values used in Fig. 2 for the mono-
layer Rabi splitting (~gR), exciton (EXB ) and biexciton (EXXB )
binding energies, all in units of meV.
Material MoSe2 WSe2 MoS2 WS2
~gR 20 [21] 23.5 [19] 46 [17] 70 [18]
EXB 470 [21] 370 [11, 59] 960 [17] 700 [18]
EXXB 20 [60] 52 [59] 70 [61] 53 [62]
when 2|EL0 | ≈ E+−, corresponding to the point where
the lower polariton branch crosses the biexciton energy.
Such resonances are present in Figs. 2(e-h), where we
have plotted the singlet/triplet ratio (α2/α1) for each
TMD system. Here we see that the sign and magnitude
of α2 can be tuned by varying δ and/or N . Furthermore,
these panels demonstrate that the singlet interaction is in
general stronger than the triplet one for a wide range of
experimental parameters. To our knowledge, this impor-
tant feature has not been noticed previously. In particu-
lar, a large and negative α2/α1 can destabilize a polariton
condensate, which possibly explains why condensation
has been challenging to achieve thus far. Furthermore,
the sizeable and tunable α2 in TMDs opens up the pos-
sibility of realizing strongly correlated phenomena such
as polariton blockade [56], bipolariton superfluidity [57]
and polaron physics [58].
The singlet resonance effectively corresponds to the po-
lariton “Feshbach resonance” [63] experimentally inves-
tigated in single GaAs quantum wells [64, 65]. Note that
GaAs-based microcavities are qualitatively different from
the TMD case since they typically have |α2|/α1 < 1 [66],
except in a narrow parameter region close to the biex-
citon resonance [63], and moreover the exciton bind-
ing energy is not necessarily the largest energy scale —
for example, for the case of 12 quantum wells, we have
5~ΩR & EXB [52]. On the other hand, neither TMDs nor
GaAs quantum wells are expected to feature a triplet po-
lariton Feshbach resonance. While Eq. (1) naively pre-
dicts a resonance at |EL0 | ' EXB , such a large energy
scale goes beyond the validity of our model and requires
a more precise description of the short-distance physics
such as the composite nature of the excitons and the layer
thickness. A full microscopic description of polariton in-
teractions is beyond the scope of the present work.
Finally, we emphasize that most of the intermedi-
ate states appearing in the T matrix are dark states
[Fig. 1(b)] which lie at the exciton energy. In the present
work, these are virtual states which only contribute to
the final strength of polariton interactions. However, in
principle they can be turned into real long-lived excitons
via additional scattering processes, for example mediated
by phonons [67, 68], and they can therefore populate an
excitonic reservoir.
Conclusions.— We have derived exact analytical ex-
pressions for the polariton-polariton triplet and singlet
interaction strengths in TMD layers embedded in a pla-
nar microcavity. Crucially, we have demonstrated that
the strong exciton-photon coupling enhances the polari-
ton interactions relative to those of bare excitons. Fur-
thermore, we have analyzed the dependence on the num-
ber of layers and we have exposed the important role
of optically dark states in multilayer polariton-polariton
scattering. Our results suggest that the singlet interac-
tion is stronger than the triplet one for a range of TMD
heterostructures, which has important consequences for
realizing polariton condensation and other interaction-
driven phenomena in these systems. In particular, a large
repulsive singlet interaction can lead to the formation of
spin-polarized domains, and thus to spin-resolved ultra-
low threshold lasing.
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T -MATRIX
Here, we provide some details for the T -matrix calculation for the scattering between two lower polaritons. First,
we recall the bosonic commutation rules: [
Aˆkσ, Bˆ
†
k′σ′
]
= δABδσσ′δkk′ , (S1)
where Aˆ, Bˆ can correspond to lower polaritons Lˆ, upper polaritons Uˆ or dark-exciton operators dˆl, with l =
1, 2, . . . , N − 1. The two-particle states with zero total momentum are defined as:
|Aσ, Bσ′ ,k〉 = Aˆ†−kσBˆ†kσ′ |0〉 , (S2)
with the scalar product:
〈Aσ1 , Bσ′1 ,k1|Cσ2 , Dσ′2 ,k2〉 = 〈0| Bˆk1σ′1Aˆ−k1σ1Cˆ
†
−k2σ2Dˆ
†
k2σ′2
|0〉 (S3)
= δBCδADδσ′1σ2δσ1σ′2δk1,−k2 + δBDδACδσ1σ2δσ′1σ′2δk1k2 . (S4)
The non-interacting eigenvalues are given by
Hˆ0 |Aσ, Bσ′ ,k〉 =
∑
J
∑
q,s
EJq Jˆ
†
qsJˆqsAˆ
†
−kσBˆ
†
kσ′ |0〉 (S5)
=
(
EA−k + E
B
k
)
Aˆ†−kσBˆ
†
kσ′ |0〉 (S6)
=
(
EA−k + E
B
k
) |Aσ, Bσ′ ,k〉 , (S7)
where the sum on J in the first line accounts for all the available single-particle energy states, and EJq ≡ EXq for all
the dark states with Jˆ = dˆl.
Now we consider the scattering between two lower polaritons, the first term of the Born series gives:
〈Lσ, Lσ′ ,k′| Vˆ |Lσ, Lσ′ ,k〉 = X2k′X2k
gσσ′
N
(1 + δσσ′). (S8)
(Notice that g+− = g−+, and g++ = g−−). Higher order terms in the T -matrix involve dark or upper polariton
intermediate states. It is useful to introduce the matrix element between two lower polaritons and an arbitrary
two-particle state
〈Aσ, Bσ′ ,k′| Vˆ |Lσ, Lσ′ ,k〉 = gσσ
′X2k
N
(1 + δσσ′)

δMod[l1+l2,N ], A = dl1 , B = dl2 , l1, l2 6= N
X2k′ , A = L, B = L
C2k′ , A = U, B = U
−Xk′Ck′ , A = L, B = U
−Xk′Ck′ , A = U, B = L,
(S9)
and the completeness relation
1 =
1
2
∑
q
∑
A,B
∑
s,s′
|As, Bs′ ,q〉 〈As, Bs′ ,q| , (S10)
2which satisfies the usual property of the identity
1 |Cσ, Dσ′ ,k〉 = 1
2
∑
q
∑
A,B
∑
s,s′
|As, Bs′ ,q〉 〈As, Bs′ ,q|Cσ, Dσ′ ,k〉 (S11)
=
1
2
∑
q
(|Cσ, Dσ′ ,q〉 δqk + |Dσ′ , Cσ,q〉 δq,−k) (S12)
=
1
2
(|Cσ, Dσ′ ,k〉+ |Dσ′ , Cσ,−k〉) (S13)
= |Cσ, Dσ′ ,k〉 . (S14)
Then the second-order term reads
〈Lσ, Lσ′ ,k′| Vˆ 1
E − Hˆ0
Vˆ |Lσ, Lσ′ ,k〉 = 〈Lσ, Lσ′ ,k′| Vˆ 1 1
E − Hˆ0
Vˆ |Lσ, Lσ′ ,k〉 (S15)
= (1 + δσσ′)
(gσσ′
N
)2
X2kX
2
k′ (S16)
×
∑
q
 X4q
E − 2ELq
+
C4q
E − 2EUq
+
2C2qX
2
q
E − ELq − EUq
+
N−1∑
l1,l2
δMod[l1+l2,N ]
E − 2EXq

= (1 + δσσ′)
gσσ′X
4
k
N
gσσ′
N
Π(E), (S17)
where we have used |k′| = |k| in the last line. The one-loop polarization bubble, Π(E), is given by
Π(E) =
Λ∑
q
X4q
E − 2ELq
+
Λ∑
q
C4q
E − 2EUq
+ 2
Λ∑
q
X2qC
2
q
E − ELq − EUq︸ ︷︷ ︸
ΠP (E)
+(N − 1)
Λ∑
q
1
E − 2EXq︸ ︷︷ ︸
ΠX(E)
, (S18)
where we have introduced the high-energy cutoff wavevector Λ.
The generalisation to higher order terms leads to
〈Lσ, Lσ′ ,k′| Tˆ (E) |Lσ, Lσ′ ,k〉 = (1 + δσσ′)gσσ
′X4k
N
[
1 +
gσσ′
N
Π(E) +
(gσσ′
N
Π(E)
)2
+ ...
]
(S19)
= (1 + δσσ′)
X4k(
N
gσσ′
−Π(E)
) , (S20)
which after rearranging the prefactor, gives the formula (12) presented in the main text. Note that Π(E) also contains
a factor N . The integrals in Π(E) are dominated by the large wavectors q, where ELq → EXq , X2q → 1, C2q → 0 and
one can neglect the second and third terms. Thus, Π(E) simply reduces to N ×ΠX(E). This approximation is valid
because mC  mX as explained below.
mC  mX and Π(E) approximation
The approximation of the one-loop polarization bubble [Eq. (S18)] relies on the very large ratio between the cavity
photon and the exciton masses (mC/mX ∼ 10−4 − 10−5). This approximation is equivalent to neglecting the low-q
behavior of the integrand in:
ΠP (E) =
1
2pi
∫ Λ
0
qdq
(
X4q
E − 2ELq
+
C4q
E − 2EUq
+ 2
X2qC
2
q
E − ELq − EUq
)
. (S21)
To analytically evaluate if this low-q behavior plays a role, one can approximate the integrand in two domains with
the following replacements:
• q < q0: ELq → E˜Lq = ~2q2/2mL + EL0 , EUq → E˜Uq = ~2q2/2mU + EU0 , Cq → C0, Xq → X0
• q > q0: ELq → EXq , Cq → 0, Xq → 1.
3The inflection wavevector q0 and the lower (upper) polariton effective masses mL, (mU ) are defined as:
q0 =
√
2mp|EL0 |
~
, mL =
mC
C20
, mU =
mC
X20
. (S22)
This gives
ΠP (E) ' 1
2pi
∫ q0
0
qdq
(
X40
E − 2E˜Lq
+
C40
E − 2E˜Uq
+ 2
X20C
2
0
E − E˜Lq − E˜Uq
)
+
1
2pi
∫ Λ
q0
qdq
(
1
E − 2EXq
)
(S23)
=
mC
4pi~2C20X20
[
X60 ln
(
2EL0 − E
−E
)
+ C60 ln
(
2EU0 − E
2EU0 − E + 2|EL0 |X20/C20
)
+ 4X40C
4
0 ln
(
(δ − E)C20X20
C20 (δ − E) + |EL0 |
)]
+
mX
4pi~2
ln
(
E − 2|EL0 |C20mC/mX
E − 2EXΛ
)
(S24)
' mX
4pi~2
ln
(
E
E − 2EXΛ
)
=
Λ∑
q
1
E − 2EXq
. (S25)
Hence, one can see that in the limit mC/mX → 0, ΠP (E)→ ΠX(E), and Eq. (S18) reduces to Π(E) ' NΠX(E).
TRIPLET EXCITON-EXCITON SCATTERING
In the main text, we assume that the exciton triplet scattering length is of the order of the exciton Bohr radius
aB . Here, we motivate this assumption by recalling that this is the case for 2D hard disk particles of radius r0.
For low-energy particles, the two-body scattering is dominated by the s wave contribution, and the center of mass
wavefunction obeys the 2D radial Schrdinger equation [45]
− ~
2
2mr
1
r
∂
∂r
(
r
∂ψ
∂r
)
+ U(r)ψ = Eψ, (S26)
with mr the two-body reduced mass. The hard disk potential corresponds to an infinitely high potential barrier of
radius r0
U =
{
∞, r 6 r0
0, r > r0.
(S27)
Outside the potential, the general solution is a superposition of first and second kind Bessel functions
ψ(r) = AJ0(kr) +BY0(kr), (S28)
with k =
√
2mrE/~. Then, using its asymptotic form, one introduces the scattering phase shift δs
ψ(r) −−−→
r→∞
√
2
pikr
(A cos(kr − pi/4) +B sin(kr − pi/4)) =
√
2
pikr
C cos(kr − pi/4 + δs), (S29)
with
tan(δs) = −B
A
. (S30)
The continuity of the wavefunction at r = r0 gives the relation:
cot (δs) = −A
B
=
Y0(kr0)
J0(kr0)
. (S31)
Finally, taking the low-energy (low-k) limit one obtains
cot (δs) =
2
pi
ln (kas) , (S32)
4where we have introduced the 2D scattering length as
as =
eγr0
2
' 0.89r0, (S33)
with γ = 0.577... the Euler-Mascheroni constant.
The corresponding hard disc triplet exciton T -matrix reads:
Tσσ(k) =
2pi~2
mr
[
ln
(
Eσσ
E
)
+ ipi
]−1
, (S34)
with
Eσσ =
~2
2mra2s
. (S35)
Note that a similar form for the low-energy T matrix has been obtained in Ref. [70] which accounts for the composite
(electron-hole) nature of the exciton in the limit of equal electron and hole masses.
